
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



308 

And first indeed, that BK cannot be cut by AL in any point M follows ab- 
solutely from Euclid I. 17, since otherwise in the same triangle MKL we would 
have two right angles at the points K and L, apart from the fact that in this case 
we would have our assertion about that angle BAN, that it is not in such circum- 
stances the least of all. 

But again AL cannot be the continuation of AN ; because otherwise in the 
quadrilateral NDKL we would have four right angles, against the hypothesis of 
acute angle. 

But neither can it cut DN produced in any exterior point H ; because an- 
gle A EN (from Euclid I. 16) would be acute, on account of the external angle 
AND supposed right ; and therefore angle DHL would be obtuse, and so in the 
quadrilateral DHLK we would have four angles, which taken together would be 
greater than four right angles, against the aforesaid hypothesis of acute angle. 

Therefore it follows that the angle BAN must be cut by this AL, and 
therefore cannot be declared the least of all, drawn under which AN has with 
BX in two distinct points a common perpendicular ND. 

Quod erat secundo loco demonstrandum. Itaque constat etc. 

Corollary. But hence is permitted to observe, that under a lesser angle 
BAL is obtained (in hypothesis of acute angle) a common perpendicular LK, 
more remote indeed from the base AB, as follows from the construction, but 
moreover less than the other nearer common perpendicular ND, which is 
obtained under a greater angle BAN. 

The reason of this latter is because in the quadrilateral LKDS the angle at 
the point S is acute in the aforesaid hypothesis, since the three remaining angles 
are supposed right. 

Wherefore (from Corollary I. to Proposition III.) the side LK will be less 
than the opposite side SD, and so much less than the side ND. 

[To be Continued.] 



SOPHUS LIE'S TRANSFORMATION GROUPS. 



A SERIES OF ELEMENTARY, EXPOSTTORY ARTICLES. 



By EDGAR 0DELL LOVETT, Princeton University. 
III. 

Construction of a One Parameter Group from an Infinitesimal 
Transformation . 

y. Let there be given the one parameter continuous group 

x 1 = ( P(.x, V, a), ?/,=^>, ?/, a) ; (1) 
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assume further that it contains the inverse transformation of every transforma- 
tion in it, i. e. that the solutions of the equations (1) with regard to x and y have 
the form 

x=<p(x, , y\ , h), y=4ix t , y 1 , b), 

in which b is a canstant depending only on a. In the preceding paragraphs the 
theorem of Lie that every one parameter group whose transformations are inverse 
in pairs contains an infinitesimal transformation was arrived at both geometric- 
ally and analytically. Either process may be formulated symbolically as fol- 
lows. If T a represent the transformation of the group corresponding to the par- 
ameter a, its inverse 7V" 1 is also contained in (1) by hypothesis. Further T a + s a 
will represent the transformation corresponding to the parameter a + da, and 
therefore the transformation of the group (1) that differs from T a by an infinites- 
imal. The successive application or the product of T a +s a and 7V* 1 , namely 
Ta+saTcT 1 (which belongs to the group by virtue of our first supposition that the 
product of any two transformations of the group is itself a transformation of the 
group), differs infinitesimally from T a T a " l i the identical transformation, and 
hence is itself an infinitesimal transformation belonging to the group (1). 

10. On the other hand there is always a completely determinate continu- 
ous group of transformations which contains a given infinitesimal transformation. 
The truth of this assertion may be made to appear symbolically in the following 
manner. 

Let S be any arbitrary transformation in the xi/- plane. Construct the 
transformations which are equivalent to the repetition of S once, twice, and so 
on to ??-times ; also the inverse of S, S -1 , and those equivalent to the repetition 
of this inverse once, twice, and so on to n-times ; we then have an infinite family 
of transformations, 

...., S-», ....,S-\S-\ $\S\'S*, ..... S", ...., 

where S° is the identical transformation, while n represents every possible posi- 
tive whole number. This infinite family is a group, since if p and q are two pos- 
itive or negative numbers, the product of S p and S q is equivalent to »Sp+«, but the 
group is a discontinuous one. 

In this manner, beginning with an arbitrary transformation S an infinite 
number of discontinuous groups in x and y may be constructed. Passing now to 
the limiting case, if, in particular, S is an infinitesimal transformation, then S n 
and 5" +1 differ from each other by an infinitesimal, and we have accordingly a 
continuous group constructed from, and containing the infinitesimal transforma- 
tion, S. 

11. Lie has invented an ingenious kinematical illustration of this limit- 
ing case, which serves as a concrete introduction to the rigorous demonstration of 
the theorem. 

The infinitesimal transformation is defined by two equations of the form 

x'= x + ;(x, y)&t+ ■ . ., y'-=y+r/(x, y)St. . . ., (2) 
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where f and i? are any two given functions of x and y, the quantity St an infinit- 
esimal, and the terms omitted convergent power series in St beginning with St 2 . 
The coordinates of the transformed point («', y') differ from those of the 
original point (%, y) by the infinitesimal increments 

Sx=;(x, y)St, Sy=t](x, y)St, 

when terms of the second order of infinitesimals are neglected. The infinitesi- 
mal transformation makes correspond to every point (x, y) an infinitesimal arrow 
(say) whose length is 



and direction 



)/tf+(!} ! =/«Hl ! St, 

$y _ v . 
6x f' 



and in general to different points arrows of different lengths and different direc- 
tions. The infinitesimal transformation thus puts all the points (x, y) of the 
plane in motion, and if the variable t be taken as the time, these points describe 
in the element of time St, the infinitesimal paths j/ £ 2 -t-?/ 2 St, whose projections 
on the axes are ZSt and tjSt. In the first element of time St the point (x, y) goes 
over into (x', y') describing the path -\ /S(x, y^ +yjx, y) 2 St, in the next element 
St it runs over the infinitesimal path \/$(x', y'Y+rjix', y') 2 St, and so on. The 
original point (a;, y) assumes, by the continued application of the infinitesimal 
transformation, a continuous series of positions which may be represented by a 
curve. This motion of the points of the plane is characterized by the fact that 
the components of the velocity of every point (x, i/) have the values 

which depend only on the position and not on the time. Since the change of 
position is to repeat itself from moment to moment, the motion is a so-called sta- 
tionary motion and can be compared to the flow of the particles of a compressible 
fluid. That the phenomena of a stationary motion exhibit the group property is 
readily seen, for if the stationary motion carries the points (x, y) to the position 
(x l . y t ) in the time*, and then these new points (a;,, y,)to the positions (x 2 , y%) 
in the time t s , it is clear that the motion carries the original points (x, y) to the 
positions (x 2 , i/ 2 ) in the time «, -M 2 ; i. e. the successive performance of two 
transformations (t f ) and (< 2 ) of the family is equivalent to a single transforma- 
tion (t, -M 2 ) of the family. 

12. This kinematical illustration may now be replaced by the following 
rigorous analytical reasoning. 

The two differential equations 

<fo. >., . dy, 

-jf-=Z&i, Vx), -jf=V(*i,yi), (3) 

determine x, and y t as functions of t, and the initial values corresponding to t— 
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which we take as x t =x, y t —y. In order to determine these functions x t and y i , 
it is necessary to integrate the simultaneous system 

J^-^-T^-^dt, (4) 

with the initial conditions that x^=x and y t ==y for t=0. 

This integration is effected as follows* The differential equation in x lt y x 

dx l dy 1 

£Oi.2/i) ~~ V(%x, Vi) 
has an integral, 0.(x 1 , j/,), which, since it is free from t; is also an integral of the 
whole simultaneous system (4). In order to find the second integral of the sys- 
tem which contains t. we eliminate say y, between the two equations 

cLx 
£l{x x , i/,)— constant=c, and — -=- — - — r-=dt, 



£0,,2/i) 



and obtain a differential equation, 

dx 



=dt. 



V(x, , c) 

Since the left hand member of this equation does not contain t it can be 
integrated by a quadrature* and its integral has the form f(x u c)—t. But this is 
not an integral of the system (4) until c has been eliminated by means of the 
equation .0.(x,, y 1 )=c Eliminating c, the second integral of the system (4) ap- 
pears in the form W(x,, y x )~ <.f 

Finally, determining the constants of integration by the initial conditions 
that *,=3;, 2/i=2/ f° r '=0, we have as the result of the integration 

■f-'Oi, 2/i )=£>(*> y), 

(5) 
W{x uyi )-t=W(x,y). 

Without solving these equations for i,, 1/1 it is easy to see that they de- 
fine a one parameter group, for the transformation of the family (5) which corres- 
ponds to the parameter value t carries the points (x, y) into the points (x 1( j/,), 
whose coordinates can be found by solving the equations (5) for «,, y t . A sec- 

*By the term quadrature is meant an integral of the form j F(x)dx. It is as- 
sumed that a quadrature can always be performed. 

|The reader will observe that this same integral would have been found 

had we begun by eliminating *. from — j— — — -=d< by means of £l(x., y, )=c. 

This elimination would have given the differential equation , . — — =dt; the in- 

Ky\, e) 

tegral of the latter, Mj/t* c ) — ( > is found by a quadrature ; eliminating c by means 

of/2(a;,, 2/i)= fi i we have finally the second integral of the system, W(x lt y,)—t. 



312 

ond transformation of the same family with the parameter value t 1 will change 
the points (as,, j/,) into the points (as 2 , y 2 ) whose coordinates are found -from the 
equations, 

■ft(zg, 2/ 2 )=^(*i, Vi), 

(«) 

^*».yf)-«=W(*i,yi)- 

In order to find the transformation which. carries the original points (as,, i/,) 
directly into the final positions (as 2 , </ 2 ), it is only necessary to eliminate as,, y, 
from the equations (5) and (6). The elimination gives at once 

■GO"*. 2/ 8 )=^(*, 3/), 
TF(as 2 , 3 / 2 )-(e + « 1 )=?F(as, y). 

But these equations represent the transformation of the family (5) corres- 
ponding to the parameter value £-H, ; hence the family (5) possesses the group 
property. The group contains also the inverse transformation of every transfor- 
mation in it and the identical transformation. 

The equations (5) can be solved with regard to as,,i/, in the form 

*,=*(*, y, *), yt = V(x,y,t). (7) 

These two functions can be expanded in powers of t by Maclaurin's theo- 
rem. In order to effect the expansion we must have the values 



V dt Auo' W<* / (=0 ' " 



(IX 

From equations (4) we have -j-^=S(.x t , y t ), with as,— as, y x —y, for t=0 ; 



hence, (-|i)^ (x , y) . 

The equations (4) give also 

d 2 x^_ d£(as,, y,) dx t d?(as,, y,) r/y, 
c/r- das, <ii Si/, dt 



_^Cas,. yi ) ■ ^(x,, ? /,) 



Accordingly equations (7) become by Maclaurin's theorem, 
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».=»+**, »)«+( ?-|r + 4r)ix + -- 



(8) 



5 2/ 

The reader will observe that i=0 in the equations (8) gives the identical 
transformation, and t=8t gives an infinitesimal transformation which to terms of 
the second order agrees with the original infinitesimal transformation (2). 

All these facts may now be summed up in the following theorem of Lie : 

Every infinitesimal transformation 

x 1 =x+S(x,y)6t+.... i yi=y+r/(x,y)6t+...., 

belongs to at least one One parameter group with inverse transformations, when infin- 
itesimals of the second and higher orders are neglected. The finite equations of this 
group are found by integrating the simultaneous system 

dx 1 _ dy. 



dt. 



with the initial conditions 
in the form 



x t =x, 2/ 1=2/, for t=0, 



•^Oi, Sfi)=-fi(«, y), 
W(. Xl , yi )-t=W(x,y); 
or, solved with regard to x, y, and developed in powers of t, in the form 



x^x+Hx, y)±+ ( f|-+ ^)-n 

y%=y +!?(*, y)jj + \ * 4 "• > 



+ 



+ v- a ~- 



dx ' dy J 2 ! 



The one parameter group thus generated accordingly possesses an infinitesi- 
mal transformation which in its terms of the first order is identical with the original 
infinitesimal transformation. 

We have now proved that every (?, contains an infinitesimal transforma- 
tion and conversely that every infinitesimal transformation generates a G t . We 
shall prove in the next article that a <?, contains but one infinitesimal transfor- 
mation, with the converse that an infinitesimal transformation belongs to but one 
(?,. The theorems will be illustrated by concrete examples. These theorems 
establish the equivalence of the notions one parameter group and infinitesimal 
transformation ; that these notions may be used interchangeably is the funda- 
mental principle of Lie's Theory of the Group of One Parameter. 

Princeton University, 14 December, 1897. 

[To be Continued. 1 



